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H. Kamp

QUANTIFICATION AND REFERENCE IN MODAL AND TENSE
LOGIC

This paper is based on ideas which occurred to me between the summer of
1970 and the fall of 1972. In its present form it is little more than a com-
pilation of these ideas. A more polished version should wait, T feel, until
they have been subjected to a good deal of criticism from others. I hope
very much therefore, that circulation of these pages among the members
of the present conference may provoke some critical comments.

Throughout my concern will be with the proper semantical analysis of
sentences in which singular terms occur inside the scope of tense or modal
operators. These singular terms may be complex descriptions, proper
names, or variables bound by quantifiers which themselves occur either
inside or outside the scope of the operator in question. We will see that
each of these different types of singular terms gives rise to its own prob-
lems, though most of these are of course related.

The central idea of this paper concerns the semantics of modal quanti-
fication theory. It is explained in section 3. I first conceived of this parti-
cular way of looking at the semantics of quantified modal logic in the
summer of 1970. Public reports on the issue were given in two talks during
the spring of 1972, one to the London Philosophy Group and one to the
Department of Philosophy of the University of Uppsala. The following
sections (4-6) contain elaborations of the central idea in various directions,
and in particular an investigation whether, and if so to what extent, the
central idea applies to tense as well as to modal quantification theory.
Many of the remarks contained in these section are suggestions rather than
theses, and I will be particularly grateful for comments on them. The
material contained in sections 1 and 2 is not in any way original; however,
it seemed necessary to include it in order to render the subsequent parts
accessible to those who have no close acquaintance with this particular
formal way of developing intensional and pragmatxc logic.

It is only after I had formulated the semantics contained in section 3, —
though before I wrote the sections 4-6 — that I read Kripke’s ‘Naming
and Necessity’. It seems to me now that many features of the semantical
theory I here sketch might be regarded as formal counterparts of points
which Kripke makes. So I am left with the unhappy feeling that what I am
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submitting is likely to appear as rather derivative. Yet, some of the
observations in the last three sections I have not encountered so far in
other published work; so for all I know they are new; and the material in
section 3 is indispensible for their proper understanding, — which might
justify its inclusion.

SECTION 1

The problems with which this paper is concerned will all be discussed with
reference to quite simple formal languages of tense and modal logic
(or extentions thereof which will be explicitly described later on as the
need for them arises), and within the framework provided by the kind of
model theory for these languages which has by now won wide—1f not uni-
versal — acceptance by those concerned with such languages. This theory is
least controversial when applied to languages of sentential (tense or modal)
logic — although the application to modal logic already raises important
and difficult philosophical questions, viz. those pertaining to the nature of
possible worlds. Thus it seems best to first explain the theory in connection
with these sentential languages. This bas the additional advantage that
the essential new features which distinguish the theory from the standard
model theory for extensional logic appear clearly, unencumbered by the
technical complications connected with satisfaction which necessarily arise
in any semantical treatment of languages that contain quantifiers.

The languages of sentential tense and modal logic which I will here con-
sider are both based on a simple language L, of ordinary sentential logic.
Its symbols are: _

1) the sentential letters q1,92,q3, . . ;

2) the 1-place sentential connective — (,not®), and the 2-place sentential
connectives —, (,if . . ., then®), A (;and®), v (;or"), and <— (;if and only
if).

According to the standard model theory for extensional logic a model
for L is simply a function which assigns to each letter q; a truthvalue, 1
(true’) or O {,false’). The truch values of arbitrary complex formulae of L
in the mode! M are then determined by the general recursive clauses (where
[@]u stands for the truth value of ¢ in M):

Ti. [—¢ly =1iff [l = 0

T2. [p = ¢lu=1iff either [@p]y = O0or [Yly =1
T3. [¢ A ¢lu=1iff [oly=1and [yly =1

T4, [o v Yly=11iff [plu=1or [y]y =1

T5. [g<—y¢lu =1 iff either [ply = land [yl =1,

or [p]y = Oand [y]y =0
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We may further characterize the logical trutbs, or valid formulae of L, as
those formulae which are true in all models, and stipulate that a formula @
is a logical consequence of a set T of formulae of L, if @ is true in each
model in which all members of I are true.

In any model of the kind discussed each formula of L, has got exactly
one truth value: The formula is either simply true in the model or else
simply false in the model.

One of the uses to which symbolic languages such as L are often put is the
formal representation by formulae of these languages of sentences that
belong to natural languages. It is tempting to interpret the correspondence
between, say, L, and English which must exist if there is to be any sense
at all to this practice of symbolic representation, in such a way that the
models for L, are the formal counterparts of what might intuitively be
regarded as the possible models for English. Now it is by no means clear
what a possible model for English should be in general. But it seems plau-
sible at least that the actual world would provide one of these models.
However, the relation between English and the actual world is important-
ly different from that between L, and its models as defined above. For, as1
remarked already, in any model of L, each formula of L, is either true
(once and for all) or false (once and for all); of most English sentences it is
impossible to maintain that they are true or false simpliciter. They will be
true when used on one occasion, and false when used on another. Indeed it
is in part for this reason that it is often denied that that sentences can
have truth values at all; it is rather, so the contention goes, the statements
we make by using sentences on particular occasions which can be said to be
true. 1 will not adress myself to this issue here, but limit myself to the
observation that if sentences can be said to have truth values at all they
can in the majority of cases only be said to have them relative to parti-
cular contexts of use.

There are various ways in which we could try to explain away this
model theoretic discrepancy between English and L,. We may conclude
that it is not the actual world as such which we should regard as one of the
possible models for English, but that what functions as the actual model
is really the world when perceived from the perspective of a particular con-
text of use. Or we may conclude that most so-called ,sentences® of English
are not really sentences in the logical sense of the word, but rather formu-
lae containing, usually covertly, certain free variables whose values are
determined by the particular speech situations in which these ‘sentences’ are
used. -

I will not discuss the merits of these proposals now; instead I will state
an alternative approach which consists in removing the discrepancy by so
modifying the model theory for L that it squares with the relation between
English and the world as it appears to the naive observer:

Let C be a collection of (possible) contexts (of speech use). A model
relative to C is, by definition, a function which assigns to each pair con-
sisting of a letter q; and a member ¢ of C a truthvalue, the ’truthvalue of
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gi 1n ¢’ in the model. The truthvalue in such 2 model M of a complex formula
of L, in a context c is again determined by general recursive clauses TC1-
TS5, where TC1 is:

TC1 ['“"'q)] I(\?;I,c =1 iff ECP] DCI:I,c =0,

and the remaining clauses are obtained in a similar way from the clauses
T2-T5 viz. by adding the superscript C and the subscript ¢ to all occurring
expressions of the form [ Jy.

We may now define a formula as valid relative to C if it is true in all
members of C in all models relative to C. We may also characterize a
formula as valid absolutely if it is valid relative to all non-empty sets (of
contexts) C. (We could of course similarly adapt our earlier definition of
logical consequence.)

It is clear from the recursive clauses TC1-TC5 that the truth value of a
complex formula of L, in a given context is completely determined by the
truthvalues of its components in that same context c. Indeed, it is precisely
in this way that the so-called truthfunctional character of the connectives
of L, manifests itself within the framework of context dependent model
theory. The new framework allows, however, also for the semantical
analysis of connectives which are not truthfunctional in this sense. For
example, we may extend L with the 1-place connective P, reading ,it was
the case that’. The truth value of a formula P ¢ in a context ¢ will then not
be determined by the truth value of ¢ in ¢ itself; rather it will be true in ¢
depending on whether ¢ is true in some (appropriate) context which
temporally precedes ¢: if and only ¢ is true in such a context will P ¢ be
true in c. Similarly we might introduce a 1-place connective F, reading ,it
will be the case that’; the truthvalue of ¥ ¢ in ¢ will then depend on
whether there are propriate contexts later than ¢ in which ¢ is true.

We can give a simple coherent formulation of the model theory for the
language L, (P, F) (i.e. L, extended with P and F) if we assume that the
only contextual feature on which truthvalues explicitly depend is the time
of utterance. (This of course fails to be true of many English sentences; it
holds for ,There is more gold in the universe than silver and, approxima-
tely at least, for ,England‘s Head of State is a woman’, but not e.g. for ,It
1s raining’, which may be true in one context of use and yet false in another
which, though simultaneous with the first, differs from it in location. On
this assumption we may identify contexts with the times of their occurren-
ces and replace the last theory by the following:

Let 3 be a linear structure, i.e. a pair (T, <C), where T is a set (to be
thought of as the set of moments of time) and <C a linear ordering of T (to
be thought of as the earlier-later relation between moments. A model for
Lo (P, F) relative to 7 is a function which assigns to each q; and each tin T
a truth value, the truth value of g; at t. The truth values in such models
of the complex formulae of L, (P, F) are again be determined by general
recursive clauses:
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T1 [—o] 5§, = 1 iff [oly,, =0
Similarly for T*2—T75
T6 [Pg] %, = 1iff {g]y, = 1forsomet inT such

M e that £ <{t.
T7 [F q] = 1iff [tp]rM = 1 for some ¢’ in T such
* © thate <t

A formula of L, (P,F) is valid relative to T if it is true in every model
relative to I at each member of T. Tt is an interesting fact — though of
little consequence for the particular problems which are discussed in the
later sections of this paper — that the set of formulae valid relative to =
depends essentially on the structure of 1. For this reason it is of interest to
introduce besides the notions of validity relative to particular time struc-
tures and absolute validity also the notion of validity relative to a class of
linear structures: @ is valid relative to the class & of linear orderings if ¢
is valid relative to every member of £. Interesting cases are e.g. the one
where R is the class of all dense linear orderings without endpoints, or
that where £ is the class of all linear orderings which are discrete — in the
sense that for any element in the ordering for which there is a later (earlier)
element there is a next (immediately preceding) element.

This very same type of model theory can also be employed for the
analysis of modal notions, in particular for modal connectives such as ,itis
necessarily the case that, or ,it is possibly the case that’. As the latter of
these expressions is equivalent to ,it is not necessarily the case that not* I
will pay explicit attention only to the former.

So let’s extend L, to Lo({ ")) by adding the 1-place connective reading
,it is necessarily the case that". The idea on which the semantics for Lo([_])
rests goes back to Leibnitz, according to whom to be the case necessarily
is to be the case in all possible worlds. In Kripke’s refinement of this idea a
formula of the form [ ] is true in a given world w iff @ is true in all
worlds which are possible from the point of view of w; where the even-
tuality that what is possible from the perspective of one world is not so
from the perspective of some other is not excluded.

This leads to the following model theory for Lo{[_]):

Let I8 be a pair (W, R) where W is a set (of possible worlds) and R a
binary relation on W (to be thought of as the relation which holds be-
tween w and w’ if w’ is a possible alternative from the perspective of w).
A model for Lo([]) relative to IV is a function which assigns to each pair
{a;,w) a truth value, the truth value of q; in w. The recursive clauses that
determine the truth values of the complex formulae now takethe following
form:

Tol [—g] o = 1iff [@],Q =0
Similary for Tw2—T®5
Tes [l , = 1iff [¢],® = 1forall w’ ¢ W suchthat w Rw’
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Definitions for Lo([_]) of validity, whether absolute, relative to particular
pairs (W, R) or relative to classes of such pairs can be given in exact
analogy with those for L,(P, F).

The problem of what possible worlds are (if they are anything at all!)
goes beyond the scope of this paper. I do myself believe that reasonable
sense can be made of the notion; here I will simply assume this. We will
see shortly, however, that even if we accept the notion of a possible world
as such there are still serious questions to be met when the same basic idea
is applied to the model theory of quantified modal logic.

SECTION 2

The Janguages of sentential tense and modal logic we considered were
obtained through the addition of tense or modal operators to the language
of ordinary sentential logic L,. In the same way we may obtain languages
for tense or modal predicate logic by means of such additions to a language
of predicate logic. The predicate language from which we will take our
departure here is the language L, which contains apart from the usual
logical vocabulary (the connectives —, —, A, Vv, <—, the quantifiers q,
and V, the identity sign =, and the individual variables v, vg, v3,...) a
only non-logical constants the 1-place predicate letter Q, the 2-place pre-
dicate letter R and the two individual constants ¢ and d. We will consider
the language L(P,F) of tense predicate logic, and the language L{{]) of
modal predicate logic, which result if we add to L either P and F or [}
The mode] theory for these languages can be obtained by modifying the
standard model theory for L in the same way in which we had to alter the
semantics for L, in order to arrive at the model theory for L, (P,F) and
L, (). However, as we will soon be forced to notice, the new modifica-
tions raise problems far more serious than those encountered in connection
with the sentential languages, especially in the case of modal logic. Let us
therefore first consider the semantics for L (P,F). (We will see later that the
semantics for languages of tense predicate logic is indeed much more
problematic than it may appear at first. Yet as a first approximation the
model theory for L(P,F) which I will give in the course of this section will
do. In any case it seems the best way to get started on the problems which
will receive more careful attention subsequently.

I will base this model theoretic account of L(P,F) — and subsequently
that of L{[_]) — on a formulation of the standard model theory for L which
is slightly different from the usual presentations of that theory. It seems
therefore advisable to begin by giving this formulation of the theory as
itapplies to L itself. A model M for L provides:

1) auniverse (of discourse) UM,
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ii) an appropriate, extensional, interpretation for the predicate Q, i.e. 2
subset QM of UM, the ,set of things satisfying Q".

iii) an appropriate extensional interpretation of R, i.e. a set RM of ordered

pairs of elements of UM, the set of those pairs of things a and b such
that ,a stands in the refation R to b‘.

iv) appropriate extensional interpretations for ¢ and d, ie. particular
clements cM and dM of UM, the jreferents’, or ,denotata’, of ¢ and d,
respectively.

(It is not important here in exactly what form these various items of infor-

mation are cast — we might define a model as an ordered sequence of the

objects mentioned under i)-iv), but this immaterial for our purposes.)

Tt is obvious how i)-iv) determine the truth values of atomic sentences;
thus Q(c) is true in M iff the object cM associated with ¢ in iv) belongs to
the extension QM of Q in M associated with it in ii); and R{c,d) is true
in M iff (cM,dM) belongs to RM, It would be desirable to determine the
truth values of all complex sentences of L by general recursive clauses, just
as we did in the case of L,. This requires in particular new clauses which
express the truth values of sentences of the forms (Hvi)e and (Vv in
terms of simpler sentences. The clauses which suggest themselves naturally
are:

T8 [(Avdely = 1 iff[[@]*/vilu = 1 for some individual
constant a
T [(Veyla = 1 iff[[@]¥vilu = 1 for all individual

constants ¢,
([]®/v; is the result of replacing all free occurrences of vi by o)

But these clauses will only be acceptable in case every object in UM is the
referent of some individual constant; for if this is not so it might be that
the only objects which satisfy Q are not referents of any constants; and
consequently the sentence (Zv1)Q(v1), though intuitively true, would be
marked as false by T8; and (Vvy)-—Q(v1), though false intuitively, would
come out true under T9.

The traditional method for getting around this difficulty consists in
defining by recursion the relation which holds between an arbitrary for-
mula — whether with or without free variables — and an infinite sequence
of individuals in the universe of the model iff the sequence satisfies the
formula in the model: It then turns out that any sentence (i.e. formula
without free variables) is satisfied by one sequence iff it is satisfied by all;
we may therefore say that it is true in M if some (or equivalently every)
sequence satisfies it.

It is possible however to retain the clauses T8 and T9 if we allow for
the passage from the given language with the truth definition for which we




Quantification and Reference in Modal and Tense Logic 165

are concerned to extentions of that language obtainable through the addi-
tion of new individual constants. Given a model M for the language of
our concern, s2y L, and such an extention L’ of L by a set S of new con-
stants, we may consider models for L’ which are extentions of M in the
sense that they provide the same information that is contained in the
clauses 1)-iv) for M. In addition the extention M’ will have to provide
v) a referent sM' in UM for each of the new constants s € S. Let us call such
a model M’ for an extention L of L a referentially perfect model for I
if it coordinates each element of UM with exactly one constant in S. In
such a referentially perfect model we can define the truthvalues of all
sentences of L’ recursively without any reference to formulae that contain
free variables. For this recursive definition we may retain T1 — T5 and
modify T8 and TS into

T8 [(Evi)elnw = 1 i [[p]s/vily = 1 for some constants e S,
T [(Vvelu = 1 iff [[¢p]s/vilu = 1 foreach constantseS.

The truth value of a sentence of L may then be defined as the truth value
of that sentence in any referentially perfect extention M’ of M for a
language L’ obtained by adding new constants to L. (This definition is of
course acceptable only on the provision that one will obtain the same
truth value whichever extensions L’ and M’ one may consider; but this is
quite easily proved.)

To obtain 2 suitable modeltheory for L(P,F) we should extend our
earlier observations on the relation between English and the world. Just
as a sentence may change its truth value with time, so may a predicate
change its extension or a singular term its reference. A model for L(P,F),
relative to the structure 1, should therefore provide the same items as do
the models for L, but one such item for every moment in T. There is some
special difficulty in connection with the specification of the universe(s) of
the model: should the model specify just one universe, or rather for each
t & T a universe (of things existing) at t. The solution for which I will opt
in first instance is to specify separately for each t& T a universe UM, of
things which exist at t in M, but to let the quantifiers range over the union

UM = U UM, of all these. What exactly is implied by this will be discus-
teT
sed afterwards.
The previous observations naturally lead to the characterization of 2

model for L(P,F), relative to T, as something which provides us with:

(1) for each t ¢ T a set UM, — the set of ,things existing at t°. We put
UM = U UM,
el

(2) for each t&'T an appropriate interpretation of QM; of Q at ¢, i.e.
a subset of UM,



166 H.Kamp

(3) for each t ¢ T an appropriate interpretation RM; of R at t, i.e. a set
of pairs of elements of UM,

(4) for each t¢ T appropriate interpretations cM and dM; of ¢ and d
att, l.e. elements of UM,

The truth value of a sentence ¢ of L(P,F) in 2 model M at a time t s,
as before, defined in terms of the truth value of ¢ at t in a referentially
perfect model for an extension L’ of L(P,F) with new individual constants;
where by a referentially perfect model relative to ¥ for a language L” =
L(P,F) U S (where S is a set of new individual constants) we now under-
stand a pair (M,H) where M is a model for L(P,F) relative to.7 and H s
a 1-1 correspondence between S and UM, (Thus the members of § do not
change their reference with time.)

The truth value of ¢ in such a referentially perfect model is again
defined by recursion. We give only some of the clauses of the definition:

QI ms = 1if My e QM
0 otherwise

!
[Ris )]s = E 1if (H(s), dM;) e RM,

0 otherwise

[e=d]™ss = 1 if cMy equals dM,
0 otherwise
[—olme = Lif [pfrae = 0
0 otherwise
[Evdelus = 1if [[@]s/vi]wart = 1 for some s ¢ S
0 otherwise
[Po]™n.t = 1if [@]rue = 1forsomet” <t
{ 0 otherwise

Logical truth and logical consequence, either with respect to particular
time structures or with respect to classes of such structures, are defined as
before.

There are some aspects of this model theory which we ought to discuss
before accepting it as a sound formalisation of our intuitive understanding -
of the semantics of tensed discourse. — I mentioned already the question
concerning the sets UMy, and UM, but there are other points as well.

(1) Is it plausible that QM should in general be allowed to be a subset
of the set UM; or should we rather demand that QM always be a subset of
the set UM, of things existing at t2

Mo, we should not insist that the extension of Q at t be always a set
consisting only of things that exist at t. Think for example of the English
predicates ,is remembered by someone® and ,is famous®. The present exten-
sions of these predicates do in fact contain individuals which do not exist
now. (One mighs feel that these examples are not particularly convincing,
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for it may seem that the predicates are essentially complex and that they
could perhaps be analysed in terms of tense operators, quantification and
more fundamental predicates whose extensions are always subsets of what
exists at the time in question. However, I do not see how to carry out such
an analysis.)

A similar question can be raised — and a similar answer given — with
regard to the extension of t of R and the denotations of ¢ and d.

(2) In connection with c and d, however, we may ask the additional
question in how far it is acceptable that they may change their denotations
with time. That predicates change their extensions with time is plausible
enough; if that were not the case there could be no change of things. For
the change of a thing consists in its acquiring properties that it didn’t have
before and its losing some of those which it did have. But is it plausible
that a name should change its denotation?

The answer to this last question is almost certainly: ‘No’. However, this
is not necessarily an indictment of our semantics. For we may regard the
individual constants of our system as the formal counterparts not just of
proper names, but rather as the counterparts of arbitrary singular terms.
And some singular terms, such as ,the president of the U.S.", ,the youngest
child of J. S. Bach® or ,the lover of Cleopatra‘, do of course vary their
denotation with time. If, however, we insist that all our constants are
proper names, then we should add to our semantics the extra condition
M, = M, forany ¢, t’' £ T — and similarly for the other constants.

(3) Doubts similar to those which provoked the questions under (1) and
(2) may be felt in connection with our treatment of the quantifiers. Accord-
ing to the clause given above for ¥, (dv;) @(v;) is true at t as long as
there is something — whether it exists at t or not — which satisfies @(v;) at t.
But should we not insist that (Hv;) @(vi) be true at t only if something
existing at t satisfies (v;) at t?

No; if we do not want to preclude adequate treatment of sentences such
as ,There is someone more famous than anyone in existence now‘, we
should not.

In ordinary discourse, however, quantifiers are often used in a narrower
sense than the one symbolised here. Such stricter sense is e.g. intended in
any ordinary use of a sentence such as: ,There are no real statesmen any
more these days’. (Clearly Cicero or Disraeli can’t be adduced to refute this
assertion!) We could account for such quantifiers by adding corresponding
symbols as primitives to our formal language with the appropriate additio-
nal clauses in the truth definition.) But we can also express them in terms
of the quantifiers which are already part of our formalism if we add a
special one-place predicate. E, reading ,exists’, to our symbols — and pro-
vide for it the truth condition:

[E(s)Tnse = { 1if H(s) e UM,
{ O otherwise
(and similarly for the constants of L)
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We can then symbolize ‘there is an actually existing v; such that ¢(v;) as
(@vi)(E(vi) A @(vi)) and ‘all actually existing v; are such that g(v;)" as
(VY (ED) = ¢ (vD)-

There is one serious flaw in the semantics presented here. All examples
considered in connection with questions whether we should quantify only
over actual existents or over what either exists, has existed, or will exist,
or whether the extension of a predicate at t might contain objects other
than those existing at t, depended on the possibility of referring to things
after they have perished. But none of them indicates that there is any
sense in referring to an object before it has come into existence. And it is
indeed very doubtful that there is any sense to this. Thus while we should
allow into the domain quantification at t not just the things which exist
at t but also those which existed at some earlier time, we should perhaps
refuse objects which come into existence only later. We will return to this
question later on.

It should be noted that some rules of inference which are valid for
extenstonal logic fail within the realm of tense predicate logic. First, we
cannot infer from ¢ = d and ¢(c) that g(d). For example PQ(d) does not
follow from PQ(c) and ¢ = d, for even if c and d denote the same object
now, they could well have denoted different objects at previous times, So
there might be a past time at which the object thus denoted by ¢ has Q
while at no time in the past does the object denoted by d have Q. Example:
Nixon = The President of the U.S.; Nixon has been less than 10 years
old. So the president of the U.S. has been less than 10 years old. — Re-
marl, however, that there is only reading on which the last sentence is
false. If we read it as ,Whoever is now president of the U.S. has been less
than 10 years old® it is true. This latter reading can be represented in our
formalism by the sentence (dv;)(vi = d A PQ(vi)) and this sentence does
indeed follow from ¢ = d and PQ(c) (provided ¢ denotes the same object
at all times — i.e. behaves as a proper name).

In a similar fashion we can show that it is in general not correct to infer
(Avi) o(v;) from g(d) or p(d) from (Vv;) @(v;): there is a reading of
,The president has always been over 20 years old* in which it does not
imply ,Someone has always been over 20 years old”. In a similar reading
,The president has been less than 10 years old® cannot be inferred from
JEveryone has been less than 10 years old".

It is important to realize the reasons for these failures, as they give an
important insight into the (similar) reasons for failure of the same prin-
ciples within modal quantification theory.

Modal Predicate Logic

As I remarked earlier, the semantics for L{{_]) raises problems more serious
than those encountered either in the development of sentential modal logic
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or that of tense predicate logic. Of the various proposals for such a seman-
tics now available in the literature I shall consider here two. I will then,
in Section 3, make a third proposal which to my knowledge has thus far
not been available in print. The first is a direct formal analogue of our
semantics for tense predicate logic. According to this proposal a model M
for L({]) provides:

(1) A family WM of worlds and an alternative relation RM on this
family.

(2) For each w ¢ WM a set UM of individuals existing in w. We put UM

= U UMW
we WM

(3) For each w ¢ WM appropriate extensions QMy, RMy in wof Qand R
respectively, i.e. a subset of UM and a subset of UM x UM, for any
sets A,B A x B is the set of all ordered pairs (a,b) where a ¢ A and
b e B, and appropriate denotations My, dMy of ¢ and d, ie.
“elements of UM,

From now on I will regard the possible worlds and the alternative
relations on them as part of the model, rather than consider 2B separately
and then define models relative to it. This strikes me as intuitively more
plausible, especially in view of later developments. From a formal point
of view the new approach is of course equivalent to the old one.

Truth in these models is again defined via truth in referentially perfect
extensions of them. The truth value of a sentence in a referentially perfect
extension is defined in exactly the same fashion as in the case of tense
predicate logic, except that here the clauses for P and F are replaced by

[Cleluw = 1if [@luw = 1 for all w’ ¢ WM such that
wRMw’
0 otherwise

Among the virtues of this semantics (which, by the way, it shares with
the other proposals presented below), we should notice in particular the
explanation it provides for what have long been regarded as anomalies of
modal quantification theory, e.g. the failure of the inference from (Vv;)
@(v;) to @(d). (Thus while presumably ,Every number either is necessarily
greater than nine or else necessarily less than or equal to nine‘ is true, ,the
number of planets either is necessarily greater than nine or else necessarily
less than nine® is — at least on one reading — false.) Clearly the explana-
tion of this phenomenon is the same as in the case of tense logic: the term,
,the number of planets* denotes different numbers in different worlds.

However the semantics here discussed raises serious philosophical
questions which do not appear as equally urgent in connection with the
analogous semantics for tense predicate logic. The main problem is how
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to make sense of the question whether a certain individual from this world
does or does not exist in a given other world. The answers to such questions
are settled by fiat in our models, viz. through the sets UM. But what
justification is there for that procedure? What justification could there be
for saying that object b in w” is indeed the object a from w, rather than,
say, some other object ¢ in w {which perhaps resembles b so much that the
latter definitely appears to be ¢, and more so than it appears to be 2)? This
problem does not arise in the same way with regard to our model theory
for L(P,F). For even if there may in particular cases be practical obstacles
to our coming to know if what is encountered at t is indeed the same as
whar was encountered at ¢’, and even if on occasion these obstacles may
indeed be insuperable, the very idea of what are undoubtedly the central
instances of the concept of an individual, — viz. physical objects, —
implies that they exist at more than one time. In all (or at any rate nearly
all) cases there exists at least the conceptual possibility of ,following® what
was encountered at t’ through time and space and thus verifying whether
it is indeed what is encountered at t.

But what would it mean to follow an individual from one possible
world to another? The discomfort produced by this question has led to a
rather different conception of the semantics of modal quantification
theory. According to this conception no individual belongs to more than
one world. Nonetheless it is possible for a sentence such as — Q(a) A
Q(a), about an individual a in a world w, to be true in w. It will be true,
as long as there is an alternative world w’ which contains a counterpart
a’ of a that does have Q in w’, — while on the other hand a fails to have Q
in its own world w. (> is short for —[ | —).

Formally this leads to the following notion of a model for L({]). A
model M for L({T]) provides:

(1) A family WM of possible worlds and an alternative relation RM on
this family.

(2) For each w ¢ WM a set UM of individuals belonging to w. For
wwe WM, UM, () UMy = . Again we put UM = U UM,

weW

(3) An appropriate extension QMy for Q in w which, according .
to the present conception, should be 2 subset of UM, rather
than of UM, Similarly a subsec RM,, of UM, x UM, and elements
oMy, dM, of UM, as extensions of w of R, ¢ and d, respectively.

(4) A counterpart relation CM between the members of UMy. For any
w e WM and a, b ¢ UMy, we have CM(a,b) iff a=Dh.

As before truth in arbitrary models is defined in terms of truth in their
referentially perfect extensions. The recursive definition of truth in refe-
rentially perfect models proceeds just as before exept that we replace the
clauses for d and [ ] by: :



Quantification and Reference in Modal and Tense Logic 171

((Ev)oluw = 1if [[p]%ilmw = 1 for some s e S with H(s) e UMy
0 otherwise
[Ce(st. - .sn)]stw = 1 if for every we WM with wRMw’ and
Si,. . .Sn’ S.th.
H(s’) £ UMy, and CM(H(s), H(sy)) fori =1
e [ oo s ) e = 1
0 otherwise

(in the second clause s; . . . sy are all the new constants occurring in @.)

It is not clear whether we should in general impose further restrictions
on the counterpart relation. We might for example consider the condition
that whenever CM(b,a) also CM(a,b); or the condition that for any indivi-
dual a in w and alternative w’ for w there is at most one counterpart of a
in w'. However, it is by no means evident that we should adopt these
conditions. In particular, if we think of the counterpart relation as
characterizable in terms of similarity it rather appears as if these condi-
tions do not hold in general. For example there could be a b in w* which is
more similar to a in w than is anything else in w’, and which moreover is
similar enough to a to be its counterpart. But at the same time w might
contain an object 2’ which is more similar to b than a is. So while b is the
counterpart of a, a’ rather than a is the counterpart of b. Also there might
be in W’ two objects b and b’ which, though different, are equally similar
to the object a in w, and more similar to a than the other things in w’ are.
It would then seem reasonable to regard both b and b’ as counterparts of
a.

It is interesting to observe, however, that unlike the conditions on the
alternative relation RM, those on CM generally have no influence on the
set of logical truths. This is so in particular for the conditions just consi-
dered. The only condition of a relatively simple form which I know to
have such an influence is the assumption that every individual a in wo has
at least one counterpart in every possible alternative for w. But it seems
unacceptable to impose this condition in general.

It is worth noticing — also in connection with what is to follow — that
if we do not accept this condition the formula

L(Q(s1) = Qls2)) = ([IQ(s1) = [J Qls2))

will not be a logical truth. For the truth in w of [] (Q(s1) — Q(s2)) and
[] Qf(s1) depends on the truth of Q(sy) = Q(se) and Q(sy), respectively,
only in those possible alternatives of w which contain counterparts of the
object denoted by s1; while Q(s) will be true in w only if Q(sz) is true in
all those alternatives of w in which there are counterparts of the object
denoted by sg — but not necessarily of that denoted by s4.
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SECTION 3

The difficulty with counterpart theory becomes apparent when we try to

give an account of the nature of the counterpart relation. Without sach

an account CM would raise, and fail to answer, exactly the same questions
as the sets UM, of our earlier models, and thus the present approach would
hardly be an improvement over the previous one.

But what could such an account of CM be? The only one that seems to
be at all plausible (and which was in fact suggested by David Lewis) is in
terms of similarity. But it appears unlikely that such an account could ever
be adequate.

To see this, consider the statement: ,It could have been the case that
though John were exactly what he is in fact, I would have him 2 great deal
more different from what I am than I am in fact different from him.”
Clearly there ought to be interpretations in which this statement is true. (A
defender of counterpart theory might contend that it is by no means
obuvious that the statement is contingent rather than logically false; but I
am inclined to take (my) intuition on this point as conclusive). However,
within the framework of counterpart theory, no such interpretation seems
possible, if the counterpart relation is understood in terms of similarity.
For such an interpretation should comprise, besides the actual world w in
which the statement itself is true, another world w’ containing two indivi-
duals a and b such that:

(1) a coincides in all properties with the actual individual John of w

(2) b shows greater difference from what I am in w than does John (and
therefore a).

(3) b is my counterpart in w’.

Clearly these three conditions are incompatible if the counterpart of an
individual in some other possible world is never less similar to that indivi-
dual than are all the other individuals in that world.

(Remark: It should be noted that the above statement cannot be
symbolized in the languages of quantified modal logic we bave considered
so far. A language adequate to such a symbolization would need to go
beyond the present framework in two respects:

(a) it would need a modal operator Ac which always refers back to the
actual world — so that for any world w Ac @ is true in w iff @ is true
in the actual world. {An exact account of this operator is given later
on).

(b) it ought to contain quantification over properties or attributes as well
as over particulars, I will not work out a semantics for such higher
order modal quantification theory. However, it appears that any such
semantics based on the counterpart relation ought to render the
sentences;

(Vv LIV V) (Vvs) [[(VP) (AcP(vi) A P(ve)—>P(V3)) A (EP)
(P(vs) AACP(V1) A —=P(ve))]— vi+ Vvi]
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valid. Consequently the natural symbolization of our original statement in
this extended formalism — viz.

& [(VP) (P(e) <—> Ac P(c;)) A (VP) (P(c) A AcP(e;) > AcP(ey)) A
(EP) (P(c)) A — P(er) A AcP(c)]

(where ¢; denotes John and ¢; denotes me) would be logically false).

Thus the counterpart theorist rightly objects to the first semantics for
L ([]) that it forces us into asking questions to which it provides no real
answers but which it settles by fiat. He himself does try to give real answers
to these questions; but unfortunately the particular answer which we dis-
cussed here is not adequate and it is not clear what other kind of answer
could plausibly be tried.

But the real problem is, I believe, not so much that this — or any other —
particular answer is wrong. It is rather that the questions shouldn’t be
asked to begin with. To see how they can be avoided let us consider what
appear to me to be the simplest and most natural statements whose analyses
would involve us, according to the views discussed so far, in cross-world
identification, — viz. counterfactual statements about actual individuals
mentioned by name; take e.g. the statement:

,John could have had five children by now.*

The tradition has it that this statement is true in so far as there is some
possible world in which (a) John exists and, moreover, in which (b) he has
five children by now. This formulation involves us once again in the diffi-
culty that has been confronting us all along: that of having to consider
arbitrary possible worlds and deciding, or at least making sense of, the
question whether a particular actual individual is contained in them or
not. For those that do contain the individual we may then proceed to ask
if in them he has five children at the appropriate point of his lifetime; only
if there is a world which provides a positive answer to both these questions
is the counterfactual statement true.

But if we state these same truth conditions slightly differently we come
to see the whole issue in a different — and, I believe, more appropriate —
light: The statement is true, we might say, as long as there is an alternativ~
world-in-which- John-exists, in which he has (by now) five children - and
here the dashes are meant to suggest that what they connect is to be under-
stood as an indivisible whole. In other words, the statement is true as long
as there is a Jobn-alternative to the actual world in which he has got five
children. In the evaluation of this particular modal statement only such
worlds come into play in which John exists; the very notion of an alter-
native possible world relevant to the evaluation of this particular state-
ment implies John’s existence as a matter of course.

The moral of this is that, generally, there is not just one, fixed, alter-
native relation which does equal duty in the analysis of all modal state-
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ments, but rather that each statement requires its own alternative relation.
How the statement determines this relation is a difficult matter demanding
careful and detailed analysis. This problem falls under the more general
question of how the alternative relation depends on context. Apart from
proper names there are various other grammatical types of expressions
(such as e.g. natural kind words and other predicates that are meaningful
only if certain contingent features of the actual world obtain) which exert
upon the alternative relation relevant to the analysis of a particular modal
operator in the scope, or immediate environment, of which they occur an
effect which can be isolated and subjected to systematic analysis. Here,
however, I will only be concerned with the effect produced by the explicit
mentioning of individuals. The analysis of this aspect of the problem seems
relatively straightforward, but will nonetheless exhibit the most important
new logical features to which the present conception gives rise.

Suppose that V is the set of individuals mentioned by the sentence [ ] @
in w. Then the set of possible worlds in which ¢ should be true in order
that [] @ be true in w is determined not just by w, but rather by w and V
together. This leads to the following characterization of models.

A model for L([_]) provides:
(1) A set WM of possible worlds

(2) Foreach we WM a set UM of individuals existing in w.

(3) A function FM which assigns to each pair {w, V) where w ¢ WM and
V = UM, a subset of WM, the V-alternatives for w. If W’ = FM
({w, V)) then for all w’ ¢ W’ and u ¢ V, u ¢ UM, Further for any
wand V= V' = UM, PM((w, V*)) = FM((w, V)).

(4) Appropriate extensions of w for Q, R, ¢ and d. According to the
present conception we never have to ask of an individual whether
it has Q in a world in which it does not exist, thus it is appropriate
to insist that QM be a subset of UMy, Similarly for RMy, ¢My, and
dMg,.

In defining truth in such 2 mode!l we are faced with a choice between two
alternatives. (Actually there are more alternatives; but the ones discussed
bhere are the most striking and natural cases.) Consider the sentence

[Q(s1) = [ Q(se)-

The truth value of this sentence in w will depend on the truth values in
wof [ ] Q(s1) and [ ] Q(sz). Now according to what I said before the truth
value of [ | Q(sy) in w will depend on the truth values of Q(s;) in all those
worlds in which the object denoted by s; exists — ie. all the {s;} —
alternatives of w. But perhaps we should take into account as well the
other individual mentioned in our assertion, viz. the object denoted by ss,
when we evaluate [ | Q(sy) in w? I can find no conclusive argument why
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one approach should be better than the other and therefore will give the
truth definitions ensuing from either conception.

I. Consider first the approach according to which only the individuvals
mentioned in @ are relevant to the evaluation of [_] ¢. In this case the truth
definition is quite straightforward. To give the two mostimportant clauses:

[EAv)plyw = 1 if there is an s such that [[p]5/vi M, w =1
and H(s) ¢ UM,, ,
O otherwise ?

Oelyw = 1if [@lyw, = 1 forall w’ e PM({w, VD).
0 otherwise ?

Where V is the set of all individuals mentioned in g, i. e. the set of objects
H(s) where s occurs in @ together with cMy and/or dM;, provided c and/or
d occur in g).

It should be noted that the last clause makes sense only on the assumption
that all the individuals which are mentioned by constants in ¢ belong to w.
In the case that ¢ contains no special constants this reduces to the assump-
tion that cMy and dM;, belong to UM, which we assumed to be the case.
However if this assumption is satisfied for a certain formula ¢ which we
evaluate in w, it will be similarly satisfied for all the subformulae evalua-
tions 1n w or other worlds to which the evaluation of @ in w could lead.

Here we may question the advisability of including ¢cMy and dM, in the
set V (provided the constants occur in ¥). The question whether this should
be done depends on whether we regard ¢ and d as proper names or not.
If we do then cMy and dM,, should be included. But then we should also
insist that ¢ and d denote in any relevant alternative the same object that
they denote in w — formally for any w’ ¢ PM((w, {My})), M, =
cMg, (and similarly for d).

I1. According to the second conception we have to take into account,
when evaluating [] ¢ in w, not just the individuals mentioned in ¢ but
also those which are mentioned elsewhere in the assertion of which [ ] ¢ is
part. We have to carry the information what these individuals are along in
the truth definition; i. e. what we should define by recursion is not just ,the
truth value of @ in M, in w, but rather ,the truth value of ¢ in M, in w,
when part of an utterance which mentions all the individuals in the set
V (in symbols [p]Vy,w)‘- The important clauses of the definition are:

H(s) = uand [[@]s/vi]V vy e = 1

[(@v)o]Vuw = 1 if there is a u ¢ UM, such that for some s,
0 otherwise

[JelVas = { 1if for all w* ¢ FM((w, V)), [9]Vi,ws = 1

O otherwise
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Here it is primarily the first clause which deserves comment, and especially
the fact that we require [¢]5/v; to be true relative to VU {u} rather than V.
That this is necessary becomes evident when we consider a sentence like
(3v;) ] Q(v;). This sentence is true in w if there is an object a in w which
satisfies [ ] Q(v;) in w; and it does so only if it satisfies Q(v;) in all relevant
alternatives for w, and these are of course alternatives in which u exists.
Thus even if we ask for the truth value of (Hv;) [ ] Q(vi) in w relative to
the empty set we are led to ask questions about Q(v;) relative to the set
{u}.

This last remark adumbrates the appropriate definition of the truth
value of an assertion of ¢ in w, in M. That truth value should be, by
definition, [¢]Vyw, Where V is the set of individuals mentioned in ¢. In
case ¢ contains no special constants this reduces either to the empty set or
to the set consisting of those of cMy, dMy for which the corresponding
constant (i.e. ¢ or d) occurs in ¢. Again the question which of these sets
should be chosen depends on whether we treat ¢ and d as proper names or
not.

The notions of logical truth to which approaches I and II lead will of
course depend (as usual) on what further general assumptions we make
about the class of models — in particular about the structural properties
of FM. But in any case there is an important difference. According to
approach I the same formulae of the form [ | (p = ¢) = (L] o= [J )
fail to be logically true that are not logically true according to counterpart
theory. But according to the second approach all of them are logically true.

In the second approach there is however a peculiarity as regards the
relationship between logical truth and logical consequence — at least if we
define the latter in the usual fashion by saying that ¢ is a logical con-
sequence of v iff for every M and w &¢ WM if 4 is true in M in w then so
is @. It is then no longer true that for any ¢ and v, @ is 2 logical conse-
quence of 1 iff ¢ — @ is a logical truth, i. e. the deduction theorem fails.
To give an example that indicates what is going on here:

,If Adam couldn’t but have fallen in love with Eve, he couldn’t but have
fallen in love*

is a logical truth,

However it is plausible that
,Adam couldn’t but have fallen in love*

is not a logical consequence of:
,Adam couldn’t but have fallen in love with Eve*

For there may be a model in which Adam falls in love with Eve in every
possible paradise in which she is created, while there are some other para-
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dises where Adam doesn’t fall in love (simply because there is no one to
fall in love with). Thus someone could defend his assertion that Adam
could have failed to fall in love by saying that God could after all very
well have decided not to produce Eve at all. But this will not do as justi-
fication for the assertion that Adam could have failed to fall in love with
Eve. For the assertion already implies the creation of Eve.

This explanation may also indicate, however, that there might be
something wrong with our definition of logical consequence. The main
point of the notion of logical consequence is after all its connection with
the concept of valid inference. But it is plausible that we can validly infer
,Adam couldn’t but have fallen in love’ from ,Adam couldn’t but have
fallen in love with Eve®, for in the context of ,Adam couldn’t but have
fallen in love with Eve’, ,Adam could’t but have fallen in love® is under-
stood anyway as implicitly referring only to worlds in which Eve exists,

Thus we should rather define, perhaps, , is a logical consequence of *
as: JJorany M, w e WM and V = V' = UM, if [¢]Vyw = 1 then

" [@]V’ym,w = 1°. This definition embodies the intuition that in order to know
whether @ can be safely inferred from v we only have to be sure that @
is true whenever 1 is true, where we take into account at least as many
individuals when evaluating @ as we do when evaluating .

SECTION 4

I will now return to tense predicate logic and indicate how the mentioned
observations on the semantics of modal logic find application there. I will,
at the same time, reformulate the semantics of predicate logic so as to
eliminate the unplausible feature of my previous formulation, viz. that
quantifiers range not only over past and present, but also over future
individuals. Finally T will make a2 modification which has basically only
technical significance, but which yields slightly more natural subsequent
truth definitions: instead of defining the truth value of a sentence (dv;)
@(vi) in a referentially perfect model (at a time) in terms of the truth
values of these sentences @ (s), and then defining the truth values of these
sentences in arbitrary models as their truthvalues in referentially perfect
extensions of these models, I will introduce the original Tarskian method
of defining recursively the satisfaction value of a, possibly open, formula
in a model (at a time) by an assignment, the truth value of a sentence can
then be defined as the satisfaction value of the sentence by some, -or,
equivalently, by every — assignment.

An assignment for a language L in a model M is a function which maps
the variables of L into UM. If 4 is an assignment for L in M and u e UM then
by [a]v/v; we understand the assignment 4’ such that a’(v ;) = u while for
j#=id’ (v i) = a(v ;). Reformulated in terms of satisfaction by assignments
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our old truth definition for tense predicate logic takes the following form
(again we give only some of the clauses in the recursive satisfaction defini-
tion; we abbreviate the satisfaction value of in M at t, relative to according
to the assignment 2 as [@] M,c,a)*

[Vi=chtte = 1iff a(v;) = My

[R(Vi, V) e = 1iff <<a(vi),a(v;) >eRM,

[—¢lute = 1ifi[@lite =0

[F Vel = 1iff thereisa vin UM such that [@] um,t0) ¥/vi = 1
[Pol®ie = 1iff thereisat’ < tin T such that [pht,e = 1
[Feoplie = 1iff there isa ¢ > tin T such that [@lupe =1

The truth valne of a sentence @ in M, at t relative to T,[ @], is by defi-
nition the satisfaction value of @ in M at t, relative to 3 by any assignment
in M. (As a sentence is satisfied by every assignment as soon as it is satisfied
by any, this definition is unambiguous.)

It is a difficult question whether a proper name — in the true logical
sense of the term — should necessarily denote; whether, in other words, an
expression which does not denote an object of the sort names are generally
used to denote can be a proper name. Later on I will pay more attention to
this question. Until then, however, I will assume that proper names must
always denote (objects of the proper sort).

The new semantics should reflect the intuition that no reference can be
made to a thing before it has come into being. This implies, in the first
place, that at any time t the quantifiers should range not over UM but
rather over Uy <<, UpM-—let us, in order to smooth notation, abbreviate this
last expression, i.e. Up <y UpM, as UM. Secondly, it implies that the range
of a predicate constant at t should be restricted to UM; thus, in particular,
QM = UM, and RM < UM x UM. (So this is an extra condition to be
imposed upon the models we consider.) Thirdly, it has certain implications
for those individual constants of the language which — as I will hence
forth assume all our individual constants do — stand for proper names.

If we make this assumption then we can no longer maintain what was
implied in all previous developments: that the syntax of a language — in
particular the concept of a well-formed sentence of the language — is inde-
pendent of time. For it follows from our assumption that a proper name
which names an object that comes into being only at a certain moment, can
be a true proper name only from that moment onwards. Thus if the lan-
guage contains any name at all for an object whose life-span extends only
partway into the past, it can have done so only from the time of that
object’s genesis. Thus if we want to admit such names at all, we must allow
that the language’s syntax (i.e. at least its vocabulary) change with time.

Another problem that proper names render manifest (even if it arises,
as we will see, also in their absence) regards the interpretation of formulae
of the form Pg. Consider for example the sentence PQ(c). Let us suppose
that ¢ denotes an object which came into existence at t, and at no time in
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the interval [t,, t;) had the property Q. What, in these circumstances, is
the truth value of PQ(c) at t?

According to the standing truth definition, the sentence is true at t; iff
there is a time t earlier than t; such that Q(¢) is true at t. Now we assumed
that there is no such time t in the interval (t,, t;); so the truth value of
PQ(c) at ty seems to depend on the truth value of Q(c) at a time previous
to t,. But what sense does it make to ask such a question? For the object
didn’t exist then and, moreover, in view of my earlier assumption about
proper names, the name ¢, and consequently the sentence Q(c), cannot even
have been part of the language at such time.

In fact the first objection already suffices by itself to show the inade-
quacy of the truth definition clause for formulae of the form Pe, given
our new conception of models. And the difficulty that this objection points
at arises whether the language contains names or not. Indeed, consider the
sentence (4 v 1) PQ (Vv 1). The truth value of this sentence at a time t leads
to the same nonsensical questions about satisfaction of the formula Q(v 1)
by an object at times preceding the genesis of that object.

Intuitively we would all agree, I think, that the sentence PQ(c) is false
at t, if the circumstances are as I supposed them to be, and that intuition
I believe to rest on the feeling that the only times to be considered in the
evaluation of PQ(c) at t1 are those times previous to ty during which the
object denoted by ¢ has been in existence. Slmxlarly (Hv)PQ(vy) we
would regard as false at t if every object existing at or previous to t had
at no time of #ts past the property Q. Thus here we have a similar depen-
dence of the semantic reach of the operator P of what things are mentioned
inside its scope. This leads to the following modifications of our formal
system.

Let us first consider a language L for tense predicate logic which con-
tains no individual constants. (We may suppose for convenience that the
only predicate constants of L are Q and R. The models for L, relative to T,
are to specify the same items that were mentioned earlier. As in the case
of modal logic we must make the truth, or, rather satisfaction, definition
dependent on a set of explicitly mentioned objects. And, as in the case of
modal logic, we are again faced with the alternative of taking all mentio-
ned objects into account, or only those which occur in the scope of the
operator that begins the formula we are evaluating. I simply do not know
which of the two alternatives is the better theory, as I can think of usages
in agreement with either. I will give here only the formulation of the
theory where all the objects mentioned in the context are taken into
account (some of which may be mentioned only at places outside the scope
of the tense operator under consideration). The other alternative can easily
be reconstructed from its analogue in modal logic, together with the defi-
nition which now follows.

Apart from this general modification of the satisfaction definition there
are three clauses which require specific changes, those for (v ), (Vv )
and Po. We get [(AVi)plt, Ve = 1 iff there is a u ¢ UM such that
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[@lt, v Ut e1%vi = 1, and similarly for (Vv ;)@; and [Polute = 1
iff there is a t* <<t such that V = UpM and [@]1, V Mt = 1. Again the
truth value of the sentence ¢ in M at t relative to 3, [@]%y,1, is defined as
[pl™m.t = [@]%,V m.t, where V is the set of objects mcntloned explicitly in
Q. (In the languages now under consideration, which contain no individual
constants, V is of course the empty set.)

Let us now consider languages which contain individual constants.

As we have seen, of such languages not even the syntax is separable from
their interpretations. It will be useful, however, to single out that part of
the syntax which we will here assume to be independent of the model, viz.
that fragment in which the individual constants do not occur. Thus let L
again be a language for tense predicate logic without individual constants
and M a model for L, relative to T.. By a possible extension of L (with
individual constants) in M we understand a sequence {< L, Fy >},
where for each t, Ly is an extension of L with individual constants and Fy is
a function from the individual constants of L; into UM; moreover, for
each t, t'e T such that t </, Ly = Ly and By = Fy,. (As the last condition
indicates, I assume that although new names may be added to the language,
no names ever disappear from it — this assumption can of course easily be
dropped by whoever regards it as misleading. However, it does somewhat
simplify technical matters). I will at first make the unnatural additional
assumption that 2 name becomes part of the language as soon as the object
it names comes into being. Thus we have for all t &£ T: u e UM iff (FM) +
(u) & L;. The satisfaction definition for a possible extension {<{L¢, Fy > }ee
of L in M is essentially the same as for L itself. The only difference is that
we now have new clauses such as

[R(c,d)]7, Vv a0 = 1iff <Fi(c), Fy(d) > e ReM

(Notice that this clause only gives the satisfaction value of R(c,d) at t by
a if the sentence belongs to L. Thus, if we put L” = Uy, Ly, the satisfaction
definition yields [¢]7u only as a partial function on the sentences L'.
However, one easily verifies that if @sL; then [@]t, V m.t,q is always defined
for any assignment @ which maps the variables into UM, It follows that
for any sentence @ of L, [@]7m,¢ is also defined.

In the light of this new development we have to re-examine the concept
of validity. We can no longer define the validity of an arbitrary sentence
of the language L’ as its being true at each time in each model; for L itself
is meaningful only in relation to the particular model M. The old definition
will do, however, for that part of L’ which is independent of M, viz L;
and for that fragment we will retain it. As regards sentences in L' — L we
may wonder if there is any sense to the question whether they be logically
true or not. There is, I believe, a sense to the question, but that sense is
parasitic upon the concept of logical truth for sentences in L: A sentence
in L' — L can be regarded as a logical truth if it can be obtained from a
logically true sentence in L of the form (Wviu) ... (VVi) @ (Vi + -5
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V in) by dropping the quantifiers (V Vi), ..., (VVia) and replacing all
the free occurrences of Vi, o«., Vin it @ (Vit, --- Vin) by individual
constants ¢y, . . . , Cjn of L’ respectively.

The new semantics generates a distinct different set of valid sentences of
L. A striking example is provided by the sentence (dV 1) (E(v1)A —PE
(vi)) = (Vv JPFE(V1) A =P E(V1))

In the old semantics this sentence was valid. But according to our new
theory it is not. Instead we have now that —(Hv )PFE(V 1) A =E(V 1))
is valid. Thus the assertion that there is something of which it was going to
be the case that it exists for the first time, instead of being entailed by the
assertion that something exists now for the first time, is a logical falsehood.

I will make no attempt to axiomatize or otherwise characterize, for any
time structure or class of such structures, the set of valid sentences accord-
ing to the new semantics. One of the most important new aspects of
the new semantics is its emphasis on the sensitivity of the past tense
operator to explicit references made inside its syntactic scope. The new
clause for formulae of the form P @ expresses the view that this sensitivity
takes the simple form of a limitation in temporal reach to that portion
of the past during which all the mentioned individuals have been in
existence. But this is not the whole story. In the first place we observe
in ordinary discourse a similar influence on the temporal reach of
the future tense operator. Moreover, here, as in certain past tense
sentences; the influence is of a more complicated sort, expressions other
than names playing their part in it as well. Compare for example
the sentences: ,Jones will always be famous, and ,Jones will always
remain a heavy smoker’, The first sentence clearly is not true if there
will be a time, be it after Jones* death, at which he is no longer
famous. The second, however, is generally regarded as true if Jones will
combust his two packets of cigarettes 2 day until the moment it will have
killed him; what is or is not the case after his death is irrelevant to the
truth value of the sentence. Thus in the first sentence the temporal reach of
the future tense operator extends beyond Jones* death, in the second
sentence—at leastas we would normally understand it—it does not. Clearly
this difference is explained by the difference between the predicates ,is
famous® and ,is a heavy smoker*. The former can be meaningfully asserted
both of the living and the dead, but the latter only of the living (barring
the context of the ghost story). Generally the temporal reach of a tense
operator is limited to those phases of the individuals explicitly mentioned
during which the predicates can be meaningfully asserted of them.

Similar influence is sometimes exerted on the past tense operator. ,Jones
has always had a stammer* is generally understood to mean that Jones has
stammered since the time he started speaking. And anyone who would say
of Jones, who was born with, and has always retained, a left leg slightly
shorter than his right one, ,There was a time when Jones didn’t limp",
would certainly be considered a sophist if he defended his statement by
referring to the period of Jones’s infancy when he didn’t walk at all.
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A more precise elaboration and formal account of these points would
require an adequate theory of applicability of predicates. I will make no
attempt at such an analysis here.

Another difficulty arises if we rescind the unnatural condition that a
name of a thing is introduced into the language the very moment that the
thing comes into being. Let us return to the sentence PQ(c); let us assume
again that ¢ was introduced into the language at ty and that Q(c) is false
throughout the interval [tg, t;]; but in contrast with our earlier assumption
we now suppose that the object F'M(c) did exist at times before t), and
that at least one such time tg it had the property Q. Thus intuitively PQ(c)
should of course be true at t;. However, both the old and the new clause
for the truth value of P @ give us either no truth value for PQ(c) at t or
else the wrong one; for what is the truth value of Q(c) at ta? Clearly the
question makes no immediate sense, for at tg there was no sentence Q(c) of
which the question could be asked.

Of course we can evade the issue by agreeing that we will always
symbolize an English sentence of the form ,c once had the property Q as
(HV1) (v1i=cA PQ(v)). This is a device which has often been used in
modal and tense logic to solve problems in connection with definite
descriptions which are meant to refer to actual objects even though they
occur within the scope of a modal or tense operator.

SECTION 5

There are however other ways to solve this particular problem about
descriptions in modal and tensed contexts. I believe it is useful to give a
short overview of the possibilities which are known to me.

But let me first state what the problem is. Sentences such as ,Jones’
mistress has always been a blonde® and ,It is possible that Jones® mistress
would have been a brunette are ambiguous. The first for example, can be
understood as an assertion about her who is now Jones mistress — that she
was born with blond hair and never had it dyed a different colour. But
it can also be understood as saying that whoever was, at any time in the
past, Jones’ mistress was a blonde (at least while she was his mistress).
(Admittedly this latter context would probably be more naturally ex-
pressed by the sentence ,Jones‘ mistresses have always been blondes‘.)
Similar ambiguity can be observed in the second sentence. It could say
that Jones could have had another mistress than he in fact has, viz. a
brunette; but also that Jones’ actual mistress could have had hair of a
colour different from the one it is.

Suppose we add to our languages of tense predicate logic a description
operator T, an operator which forms a singular term (T v;) @ out of one
formula, ¢, binding one variable, vi. In any model M relative to 3 (T v;)
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¢ will denote at t relative to the assignment a the object u iff u is the only
element of U M such that [a] #/,; satisfies @ in M at t; if there is no such u
then (T v i) g will not denote at all. In such cases the satisfaction value of
Q((T v i)p) at.t by a will be underermined. This makes our truth definition
truly partial (in the sense that even some sentences belonging to L; will be
assigned no truth value at t); but for the purpose of the present discussion
this seems the most natural decision to take about descriptions which do not
denote properly. (N. B. The introduction of complex singular terms leads
to the usual complications of the satisfaction definition. The recursion can
no longer be on the satisfaction relation alone; instead we have to define
by simultaneous recursion the satisfaction value of a formula by an assign-
ment and the denotation value of a singular term, given an assignment.
Both values may be indicated by the usual notation [0.]%Y 3,4, the gram-
matical category of o indicating what sort of value is represented. The
only recursive clause in the definition which defines a denotation, rather
than a satisfaction, value is [(Tv)p]™Y aiq = v iff u is the only element
of UM such that [@]™Yy i (ajuvi = 1. The slight disadvantage of this
extended formalism is that it offers no straight forward way of adequately
‘symbolizing one of the two senses of ambiguous sentences of the form ,the
@ has never failed to be a . Consider a special case: ,the object vy which
stands in the relation R to all vs has never failed to be Q. One obvious
symbolization of this sentence is: — P — Q((Tv1}{V v2)R(v1,v2)).

But this renders only the sense: ,it never failed to be the case that what
stood in the relation R to all things at the time had then the property Q".
The other sense is adequately expressed by:

(Hvg)(vs = (Tv1) (V vag) R(v1, vo) A = P = Q(v3));

but one might feel that the syntactic structure of this formula departs so
much from the English expression it symbolizes that it fails to uncover
some of the features of semantic structure of English that determine the
sense of the expression.

So we may ask if a different formalism would not allow a more direct
symbolization which nonetheless has the proper truth conditions.

Perhaps the most elegant sofution of this problem is obtained if we
add abstraction operators to the language.

For the present purposes the best way of obtaining such an extension
of a language of tense predicate logic is through adding an infinite set of
abstraction operators, A% A1, A2 A3,...; A#formsan n-place predicate
(A7"vi ... vip @) out of a formula @ binding the variables vy ... vj,. The
satisfaction value of a formula

(A™Vi1 ... Vip @) (Vi1 - .. Vi) in M at t, relative to ¥ and v by a is

defined by the clause

[(A2vs1 ... Vig @) (Vi1 - .- Vig) "Mt = 11ff [Q]Vy e = 1, where
& = [a]"syr] .. 3,
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and similarly in case the argument places are filled by singular terms other
than variables. Within this formalism we can symbolize the expression
mentioned above eitheras — P — Q{Tv )(Vve) R(V1, Vo)) oras

(Atvs =P =Q(val((Tv iV v R(V1, Vi)

The second symbolization has the same truth conditions as (Hv g){vs =
(TVv)(VVa)R(VY V) A = P Q(v3))-

An analogous extension can of course be formulated for modal predicate
logic.

An alternative solution is implicit in unpublished notes by David
Kaplan on demonstratives. He introduces among other notions a descrip-
tion operator to which he refers as ,demonstrative that. Analogously let us
introduce, in addition to our description operator T, a second description
operator Tg; it too forms a singular term out of one formula, binding one
variable. However, the denotation of a term (TqV ;) @ is not the unique
object which satisfies ¢ at the time to which the evaluation at t of the truth
value of a sentence in which the term occurs leads us, but rather the unique
object satisfying ¢ at the time of utterance of the sentence. Formalization
of this idea requires that we keep track of that moment of utterance during
the evaluation — i.e. what we should define in general is the satisfaction
value a formula ¢ in a model M relative to T and V, at t, when part of an
utterance made at t', by a, in symbols [@]%Vyy s, ¢ 0. The recursive definition
of this notion is just like our old definition, with the second subscripted
time variable appended everywhere. Typical clauses of the definition
are e.g.

[ el"YMtea = I [@]"Vap0 =0
[Pol™"aie = 1iff thereis a t” <t such that for allu e V, u s UM
and [q)]t’vMJt,n!t”a = 1.

The relevance of the second time index becomes apparent only in the clause
for the denotation value of (TgV ;) ¢ which is defined by

[(TaVDel™Yitt,c = u iff u is the unique element of UM such that
[@]™va, e, [a1vi = 1

The truth value of a sentence @ inM at t relative to J can now be defined
as [@]®Va.t,1,0, where 2 is any assignment into UM, and V is the set of
individuals mentioned by individual constants in @; thus the truth value
of @ at tis, roughly speaking, the truth value that ¢ has at t when (part
of) an assertion made at that same moment t.

This definition raises a special problem, however, in those cases where
t <C t" and the object that uniquely satisfies ¢ at t” has not yet come into
existence at t. For the moment I will simply assume that in such a case the
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denotation value of (T3 V) ¢ relative to the given parameters — and thus
also the satisfaction value of any formula whose evaluation leads to the
evaluation of [(TqV)@]™Vmte,e — are undefined. I will return to this
question later.

Within this formalism the two different senses of our English sentence
are adequately formalized as

=P = QUTV1)(Vve)R(V1 Vo)) and
—P = Q((Tav1)(VVvsz) R(V1, Vo)) respectively.

A related solution to our problem can be obtained by introducing instead
of the description operator Ty 2 one-place sentential operator N, meaning
(it is) now (the case that): The essential function of the word ,now* is to
refer that what stands in its scope to the time t of the assertion of which
it is part, even if in that assertion it stands itself within the scope of another
tense operator whose evaluation leads to the consideration of times other
than t. Compare for example the sentences: ,It was predicted that there
would now be a rainstorm* and ,It was predicted that there would be a
rainstorm®. Clearly there sentences are not equivalent. In fact the first
sentence entails the second, but not conversely. For while the second
statement locates what is predicted only in the future of the moment of
prediction, the first locates it at the moment of assertion.

,Now* ’s counterparts in the realm of modal logic are the expressions
,actually®, ,really® and ,in fact’. Other words with such a function are ,I
and ,you‘ (,Jones says that I am a bastard" said by Kamp means that Jones
says that Kamp is a bastard, not Jones, etc.); and also ;here".

The (satisfaction & denotation) value definition for a language contain-
ing N must again take two temporal indices into account, one indicating
the time at which the expression is being evaluated, and the other the time
of utterance. The only new clause is that for formulae of the form Ne:

[Nel™Yaip,e = iff [@]"VMppe =1

(i.e. the value of Ny at t when part of an assertion made at t’ is just the
value of @ at the time t').

This new system with N displays a feature which has no analogue in the
systems of tense predicate logic discussed earlier. It contains sentences
which, although logically equivalent (in the sense that for any model M
and time t their truth values will coincide) are not interchangeable salva
veritate as subformulae of larger sentences. The most obvious example is
provided by any pair of sentences of the forms ¢ and Ng respectively, e.g.
Q(c) and NQ(c); for while Q(c) «—> NQ(c) is a logical truth, PQ(c) <—
PNQ(c) is not. Of course there are many formulae which although they
contain N in an essential way are not only equivalent but also interchange-
able in all contexts. Typical cases of these are the following pairs:
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(""" NCP! N — (p)) (N(P’ NN(P)) (N(q-) v 'LP), (N(P A N'LP)), (N(CPA W);
(No A N)).
The introduction of N into tense predicate logic requires yet another modi-
fication, viz. in the recursive clauses for formulae of the forms (v ;)@ and
(V v i)o. For consider the sentence

FEvV(QIVY A N=Q(v ).

According to the standing truth definition this sentence is true at ¢ if there
is a later time t” at which there is an object that has been in existence by the
time t', that has Q at t’ but of which it is the case at ¢ that it does not have
Q. In this way the definition may force us to ask at t questions about objects
which have not yet come into existence then. The best solution to this
dilemma involves I believe, two independent alterations. (1) We should
introduce into our language besides the operator N one or more operators
which behave essentially like the word ,then® in English, i.e. which may
take us outside the scope of another tense operator to a time indicated by
a third tense operator of even wider scope. Thus in the statement ,there
will be something such that everything now existing will be different from
that thing then® the word ,then® will carry us from the moment of assertion
to which we were referred by ,now" back to the future time indicated by
,there will be‘ even though ,then‘ stands inside the narrower scope of ,now".
(A comprehensive analysis of ,then® has been given by F. Vlach in his doc-
toral dissertation, UCLA 1970). (2) We should regard formulae of the
form Ne(v i) always as abbreviations of N(Hv;) (then (v; = vi) A
(Vv ;)), where v ; does not occur in @(V ;) and ,then® refers back to the
time at which the quantifier is evaluated that binds v;. Then the sentence
F(dvy1) (Q(v1) A N — Q(vy)) becomes, in full expansion: F(Hv1)(Q(vy) A
N(dvs)(then va = vi A —Q(v2)); and ,there will be something which
now neither exists nor has existed* becomes F(Hv{)(INVvz) (E(ve) v PE(vg)
— then ve # vy)); etc. However, an adequate formalization of ,then® leads
to complications into which I do not want to get into here. Moreover for
the difficulty we are having here we need the ,then operator only in front
of formulare of the forms o = § and o #* f, where ¢ and § are either
variables or individual constants. Thus for our purpose it will be sufficient
to introduce a new ,identity’ relation =, such that in a system which
contains the adequate counterpart(s) of ,then® a formula o == f§ can always
be regarded as short for Th o = 5, where Th is the appropriate ,then’
operator. This implies that the subformula a = B of the formula ¢ should
be regarded as satisfied by @ at t if o = [} is satisfied by 2 at a sufficiently
late time (i.e. 2 time where the objects denoted by o and $ or assigned to
them by a both have come into being. In all applications of == that I have
here in mind, however, at least one of ¢, § will be a variable bound by a
quantifier which itself is evaluated at the time where o == § is evaluated.
Rather than expanding formulae of the form N g@(vi) in the way
suggested under (2) we may formulate the satisfaction clause for formulae
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of this form so as to be in agreement with the results this expansion would
give if we were to adopr also the clause for formulae of the formo~~fp1
just indicated. The direct satisfaction condition becomes:

[N @]* "m0 = 1 iff for each v; which occurs free in @, a(vi) & TpM
and [@]"Vup.ee = 1

One of the consequences of this is that the formluae — N @ and N — ¢
are no longer interchangeable salva vertitate in all contexts. For [N o]
iyt p.eand [N — @)%Vt .q will be both o in cases where for some vi
free in @ o(v;) does not belong to UgM. However it remains that any
sentence of the form — N g <— N — g is a logical truth.

We can now symbolize the two senses of our standing sentence as

— P — QU(Tv1)(Vvs) R(vy,vg)) and
P = Q((Tvy) N(Vve) R(v,v2)).

Here again, though, we meet the difficulty mentioned before, that the thing
satisfying (Vvg) R(vs,ve) uniquely at the time of utterance may not have
existed at some earlier times. We will turn to this shortly.

SECTION 6

Let us now return to the problem we encountered in connection with the
sentence PQ(c). The solution to that problem lies in the observation that
the behaviour of proper names shows an important similarity with that
of the word ,now* whose logical function we just analyzed. For in a way
proper names, too, refer back to the moment of assertion: they point at the
object they name at the time the assertion is made whether the name was
part of the language at earlier times which the evaluation of the assertion
leads us to consider is irrelevant. This aspect can be rendered adequately
within the semantical definitions that we designed in order to account for
T3 and N. What has to be modified in these definitions is the clause(s) for
atomic formulae containing proper names. I will just consider one special
case. The definition for the atomic sentence Q(c) now becomes:

[QUO) a0 = 1 iff FM(c) & QM

These Jast developments also enable us to see how we should analyse such
sentences as: ,London once did not exist.” Clearly one cannot formalize
this sentence as P — E(l) — where E is our earlier existence predicate —
even though it is possible to formalize its future tense analogue, viz.
.London once will no longer exist’, as F — E(l). The difficulty with P —
E(l) is that according to our semantics it can not be true (at least, if we
make the correct assumption that London did not first come into being,
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then cease to exist for a while; to re-emerge eventually as what it is now).
For the temporal reach of the initial P is restricted by the existence of
London and throughout that existence — E(l) was of course false. But
the following symbolization I believe to be adequate:

P(Vv1)(E(vy) ~ Nvy = 1)

However, adequate it will be only if once again we modify the satisfaction
definition. For any symbolization in which | occurs inside the scope of P
(and as far as I can see this is an unavoidable feature of such a symboliza-~
tion) can be adequate only if we allow the temporal reach of P to extend
backwards beyond the beginning of London’s existence. In the sentence
under consideration, however, it is plausible that we should allow this,
as the individual constant 1, though occurring inside the scope of P, occurs
also within the narrower scope of N, which refers us back to the present.
Formally this means that we must redefine [@]%y.tq the truth value of
the sentence @ in M at t, relative to 1, as [@]™Vyt 1,0, Where @ is any
assignment and (1)V is the set of objects named by individual constants
which occur in @ in positions where they do not stand within the scope of
N. This, however, forces us to modify also the clause for formulae of the
form N g:

(Nolotee = 1iff [@] "Wy po =1

where V7 is defined as is V in (i) above.

It is interesting to observe that according to our last formulation of the
truth conditions ,London once will not exist’ can not be adequately
symbolized in a completely symmetrical fashion, i.e. by F(Vvi)(E(vy) —
Ny # 1). For this sentence will be false in the likely situation that by the
time that London will no longer exist new objects will have come into
being, What we really should have is the symbolization F(Vvy)(E(vi)—>
N v #& 1); and similarly P(Vvl)(E(\71)—> Nvy 54 1) as symbolization for
the sentence ,London once did not exist’; but in the formal system on which
we have settled =~ does not occur. That P(Vv)(E{vi)~ Nvy = 1) works
is due to the fact that that sentence is equivalent to P((Vvy)(E(vi)— Nvy
7 1), (or rather: would be in an extended system containing ==. F(¥vy)
(E(v1)— Nvy # 1), on the other hand, is not equivalent to F(Vv;)}(E(vi)—
Nvy 7= 1).

There are, however, apart from the formula F — E(1) already men-
tioned, various other adequate symbolizations of ,London once will not
exist’, e.g. F(Vv1)(E(vi)— — Nvy = 1), or F(Vv)(E(vi)— v1 = 1)

This may be the right point to mention some fundamental criticism
against the whole approach towards intensional logic on which these notes
are based. In this approach we have tried to express the truth conditions
in a given context of a sentence of the form O ¢, where O is some nontruth
functional operator in terms of the truth conditions of ¢ in other contexts.
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It is sometimes objected that to state that the sentence FQ(c) is true now
iff the sentence Q(c) will be true at some future time or that PQ(c) is true
now iff Q(c) was true at some past time is rather misleading. What, so
the objection goes, does the truth value of the sentence Q(c) (or off some
possible utterance of the sentence Q(c)) at some future or past time have
to do with the truth zow of FQ(c) or PQ(c); in fact the human race could
disappear or adopt a completely new system of communication; or our
present language could gradually shift its truth conditions, it may well be
that we should regard all these possibilities as implicit by excluding the
theoretical notion of a sentence’s being true at a time (or in a context) of
which tense (or, generally, intensional) logicians try to give a formal
analysis: but then the notion becomes so abstract and so far removed from
what we ordinarily understand by truth that the analysis can hardly be
regarded as an explanation of the semantics of tensed language as it is
actually in use.

T still do not believe that this criticism is wholly justified. I believe that
the understanding of e.g. past tense sentences through the understanding
of what it means for the corresponding present tense sentence to be true at
any time, together with what it means for certain possible situations of
assertion to be connected with the actually present situation through that
relation which refer to as ,temporal predicession® is an important and
essentially correct insight. However, I am more sympathetic now to some
elements of the critism than I have been until quite recently. And the
above treatment of proper names within tense logic constitutes in fact 2
concession on my part of an aspect of the criticism which I now regard
as right: the proper name indicates to us as it were what object we should
pick up here and now to consider of it whether in past or future it had or
will have certain properties.

The question arises whether a similar analysis would not be also appro-
priate with regard to other grammatical categories, say, predicates. Can’t
we maintain,for example, that when I tell you ,Jones will be bald‘ T invite
you not just to pick up, right now, the referent of ,Jones® and to wonder
whether it will satisfy at some future time the sentential function ,x is
bald, but rather to pick up also the property expressed by ,bald” and then
to consider whether at some time in the future that property will obtain of
that object? Such a view seems much in line with what has recently been
said by a number of people (e.g. Kripke, Putnam, Ishiguro, Wiggins, .. .)
about certain property expressions — those to which Kripke refers as
rigid designators of properties. Typical examples are common nouns which
refer to natural kinds. But other examples may well be found among
adjectives which stand for qualities, as well as common nouns standing for
artifacts, and even perhaps certain verbs. In these latter cases that to which
the predicate refers is often something like a procedure which we may use
to verify, for any object, whether it satisfies the predicate or not. An
adequate formalization of these ideas would require a proper representa-
tion within the formal semantics of the entities (be they clusters of features,
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procedures of verification or what have you) that these rigid designators
refer to. This I will not attempt to do here. Yet it is clear that once that
is accomplished, the techniques here developed for proper names can easily
be extended to cover rigid predicates as well. (Within such a system it will
also be possible to account elegantly for the kind of ambiguity which is
displayed in the sentence ,this insect will always be coloured like the
leaf it is sitting on, which of course can mean either that the insect will
always have that colour, which is now also displayed by its present support,
or that it will always adopt its colour to the leaf upon which it takes
position.)

The sentence ,London once did not exist® has its obvious modal counter-
part ,\London could have failed to exist®. On first sight this sentence may
appear equally puzzling. And on second sight it can be analyzed in the
same way as its temporal analogue. The analysis requires an extension of
modal predicate similar to the one we obtained by supplementing our
system of tense logic with N. Here we add a one place sentential operator
Ac; Ac ¢ is to read ,it is actually the case that ¢f. From this intended
reading it is evident that Ac has very much the same function within modal
contexts that N fulfills in tensed discourse: Ac brings us back not to the
time, but to the world of assertion.

We could give an adequate formulation of the semantics for this
extended system of modal predicate logic using the same technique we
applied previously to tense logic, viz. by making the truth definition
dependent not upon one, but upon two worlds. However, within the
context of modal logic we may proceed in a simpler manner and stipulate
that a model M is to provide, in addition to the various items mentioned
earlier, a particular member woM of WM, the actual world of the inter-
pretation. We are interested primarily only in the truth values of sentences
in this world. We have to consider the ,truth values® of sentences in other”
worlds as well in order to make the truth definition work for complex
sentences in this world, but it is only for this purpose that they need to be
considered. This position suggests a slightly different definition of logical
truth (and correspondingly for logical consequence). We say that a sentence
@ is logically true relative to a class of models of the new type if for each
of these models M, @ is true in M in woM,

It is also appropriate to adapt our treatment of individual constants.
Proper names in modal discourse can roughly be divided into two cate-
gories — those which name actual objects, objects which exist in the actual
world; and those which name beings and things from fiction or mythology
(of course there may be some overlaps.) For the moment I will just be con-
cerned with names for actual objects. So I will assume that the individual
constants of our formal system all stand for such ,ordinary® proper names.
As all these constants name, in any given model M, things which belong
to uM,, 3 it is enough that M specify for each of them simply its actual
denotation. Thus, rather than specifying c,M for each w M will just
specify cM.
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In any other world than w,M ¢ will name this same object, provided that
it belongs to UM — but as, because of the form of the satisfaction defini-
tion, we will, when evaluating at woM a sentence g in which ¢ occurs, never
come to worlds in which ¢M does not exist, the limitation is of no practical
import. From what I have said in connection with N, it might appear
that we could give an analogous satisfaction clause for formulae of the
form Acg, viz.

[Acg]Yywa = 1iff for each v free in @, o{ Vi) & UMM and [@]Vm,
woM , = 1 Adopting this clause we can give an adequate symbolization of
the modal analogue of ,London once did not exist’, viz. the sentence ,Lon-
don might not have existed’. The symbolization is:

S (Vi) —Acvy=1

However, the justification of this clause for Acg can be not quite the same
as that for the clause for N in tense logic. There the justification depen-
ded essentially on the assumption which underlies all versions of the
semantics that I have here presented; that for any two different times ¢
and t’ either all the individuals mentionable at t’ can also be mentioned at
t or vice versa. But can such an assumption be made about possible worlds?

The whole point of our original modification of the semantics of modal
logic was to avoid awkward and probably non-sensical questions about
whether or not this (actual) object exists in that possible world. Does it
make any more sense to ask of a possible object — I mean one which
belongs to some non-actual world — whether it exists in our world? Pro-
bably not. If we assume that it does not, however, any attempt to formally
represent ,London might not have existed’ along the lines which I have
just tried, is doomed to failure. And thus a quite different way of under-
standing the English sentence would be required. Perhaps the appropriate
account for sentences like this is one in which we accept that for any given
actual object a there are not only alternative a-worlds, but also alternative
non-a-worlds — i.e. not only can we get to another possible world by
modifying the world ,around’ a, but we can also arrive at 2 new world by
throwing a out. I will not try, however, to work this suggestion out in any
detail here.

SECTION 7

Related to the last English sentence we considered are similarly puzzling
statements such as ,Pegasus does not exist’. The fact that such a sentence
can be meaningful at all has often been taken as a proof that its grammati-
cal subject cannot be a logically proper name but must be a concealed
description, so that we may read the sentence as ,there is no such thing as
Pegasus‘ or — quite horribly — as ,there is no Pegasizer. I do not believe
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that this argument is correct, and will argue instead that the sentence in
question can be understood even on the premise that ,Pegasus‘ is a proper
name. The central observation to be made in this connection about names
of fictional or mythological beings is that they transfer us automatically to
their own world. Thus a sentence in which ,Pegasus® occurs will generally
be understood to be about the world of Greek Mythology, where Pegasus
belongs. If we want to say something about Pegasus in relation to our
world, rather than to his own, we have to make this evident through
special devices. Expressions such as ,actually® or ,in reality® serve this
purpose; and so does, in certain contexts, the verb ,exist’.

These ideas lead to the following formal systems. Let L be a language of
modal predicate logic which may contain individual constants; all of these
stand for proper names, but they may stand for fictional, as well as ordi-
nary, proper names. A model M for the language specifies the same items
that were mentioned earlier. Now, however, the objects it assigns to proper
names need not all belong to UMy M. Moreover, the model assigns to each
constant c a world w M, the world of c.

For ordinary names, which denote actual objects, this world will always
be woM, the actual world. But for a fictional name ¢ w .M will be a different
world. Of course wM is generally not the only world in which the thing
denoted by ¢ exists. This is evident for nonfictional names. As we have seen
earlier it is only because the objects they denote belong also to worlds other
than the actual world, that counterfactual assertions in which the names
occupy the subject position can be true. And there is no reason why this
should be otherwise for fictional names. Even though counterfactuals
about fictional objects are somewhat more tenuous than counterfactuals
about actual objects, there are some at least which seem to be.true e.g. ,If
Hamlet’s uncle, rather than Polonias, had been behind the curtain, Hamlet
himself would not have been killed.” And there is no reason why we should
want to account for the truth of such a counterfactual differently from
what appears to be the correct analysis of counterfactuals about actually
existing things.

In the present system we should define the truth value of a sentence @
in M as follows:

(1) If there is no individual constant ¢ in o such that w,M = wyM, then
[p]¥n = [@]m WoM;

(ii) If there is no individual constant ¢ in ¢ such that wM = wM and
moreover for each other individual constant ¢’ in @ weM = w M then
[p]Vn = [o]'w, W

Thus in the present system our primary interest in truth values is not
restricted exclusively to the actual world; for certain sentences we want to
know the truth values in other, fictional, worlds; for these sentences, more-
over, it doesn’t even make sense to ask whether they are true in the actual
world.

It should be evident that the last definition of the truth value of @ in M
is incomplete. The definition says nothing about sentences in which names
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occur for beings whose main worlds are different. This, however, may well
be a virtue rather than a drawback. I think that we are puzzled by senten-
ces like ,If Gilgamesh had smashed Loki, Baldur would have made off
with eicher Isis or Artemis® and that we are rightly puzzled. Our inability
to make sense of such claims derives, I believe, from our baffle at the
conflation of two or more totally unrelated worlds of fiction,

However, it may well be that this throws away too much. In particular
there are many tales in which names of actual things appear in perfect
harmony with what are obviously names of fictitious beings: Baker Street
and Sherlodk Holmes, Dreyfuss and Jean Barrois, Selim the Great and
Nathan the Wise. In other words some fictional worlds contain actual
objects which moreover bear, within their context, the same names as in
reality. Thus with names c of actual things at least we should associate a set
weM of fictional worlds — all those in which the referents figure under their
usual names. We may then stipulate that the truth value of a sentence in
which both fictional and actual names occur is defined as the truth value of
the world of all the fictional names occurring in @ provided that the
worlds of these fictional names are the same and moreover that this world
belongs to the set of worlds assigned to each of the ordinary names.

Let us return at last to the sentence which provoked the formulation of
our latest system. ,Pegasus does not exist’ can now be formalized as (V v 1)
{(Ac(Hva)(vea=Vi)—>Vi* )

This sentence will be true in every model M such that (i) wM = w,M
and (ii) woM does not belong to UM, M

One plausible objection against the theory outlined here is that it implies
that every factual assertion about a fictional object must be either true or
false, even assertions like ,Pegasus has a dark spot over his left eye® or
JLPegasus prefers wheat to oats. As Greek mythology does not deal with
such touching domestic details about its protagonists there is just no sense
even in trying to find out whether these claims are true. One way to cope
with this objection without departing foo far from the present framework
is to allow for ,partial® worlds in which e.g. a 1 place predicate does not
have simply an extension — so that it is true of everything in that exten-
sion and false of everything outside it — but rather a positive as well as a
negative extension, which are mutually exclusive but not jointly exhau-
stive. The predlcate will be true of the things in its positive extension, false
of those in its negative extension, while of the objects which are in neither
extension it can neither be said to be true nor be said to be false. More-
place predicates can be handled in a similar way.

An alternative, but essentially equivalent approach would be to replace
the single fictional worlds by clusters of worlds. A sentence about a fictio-
nal object would then be regarded as true if it were true in all the worlds
of the cluster, false if it were false in all the worlds of the cluster, and
undetermined otherwise. This approach, however, would make it slightly
more difficult to handle counterfactuals about fictional entities. A precise
elaboration of either suggestion would, however, lead us too far a field.
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I have left to the very end the question whether names can refer to what
has not yet come into being. I earlier brushed this question aside by simply
assuming that this is not possible. This is indeed what I believed for some
time. But I do now think that this is not right. I was lead to this new
conviction by some remarks made to me in conversation by Mr. Paul Dur-
ham of UCLA. His point, which seems to me to be conclusive, draws atten-
tion to the ways in which names are introduced. The most basic way of
introducing a name is often held to be the one in which someone points at a
thing saying, ,Thatis. . .}, or ,That will be called. . ./, where the expression
in the place of the dots is the name introduced. Unfortunately this
paradigm is like so many others which philosophers make the starting
points of their doctrine quite exceptional in practice. Usually names are
introduced by means of speech acts of the form ,. .. is the so and sof, or
2 »e o o will be the name of the so and sof, e.g. ,.,, John“ will be the name
of our next child‘. The interest of such speech acts is that they introduce
a name, i.e. a rigid designator, via a description which itself may vary its
reference with time and other contextual aspects. Now the object designa-
ted by the description may exist at the time when the speech act is
performed. Such is the case when an explorer confers new names (usually
inspired by his home-town or royal superior; why are those who absorb
so much food for fantasy generally so dull when it comes to naming?) upon
newly discovered islands, bays or mountains. In these cases the naming,
even though it may take the form of a pronouncement such as: ,This
island, sitwated at ... and ..., shall be called St. Edward’s Island, could
also have been achieved by just saying ,This is St. Edward’s Island’ while
stamping on the ground, or hoisting a flag. Cases where the pronouncement
of the phrase could not be replaced by an actual pointing at the named
object simultaneous with pronouncing the name occur for example when
it is not the explorer who confers the name but rather some authority
in his homeland which bases its action on the charts the explorer has
brought back from his voyage. Similar namings occur in astronomy where
often names are attached to celestial bodies which are not — and often
even cannot — be seen directly but whose existence can be indirectly
inferred from other observations. Such namings can of course go wrong,
as the descriptions used may not properly denote. A typical and well-
known example is that of Vulcan, the planet which was supposed to cause
such and such disturbances in the paths of other observed planets. What
happens when we realize that the naming was a misfire? Well, in the first
place we recognize that all our previous statements which involved the
name are nonsensical. It is interesting, however, that even after such a
discovery the name itself doesn’t disappear entirely from the language.
We do still say things like: ,It was eventually discovered that Vulcan
never existed’. Now, one might argue that although the word ,Vulcan®
occurs in this last statement, it isn’t used there any more as a name buttruly
as an abbreviated description. But, even if I see no way to refute this view
conclusively, I am not sure that it is right. The reason why it appears to
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be right is that we can find out the truth of the statement only by applying the
procedure for finding the bearer of ,Vulcan® which comes with the name —
the procedure, that is, which is suggested by the description through which
the name was introduced. Thus, one might be tempted to conclude, the
only reason why the statement can be said to be true is that with the
word ,Vulcan® is associated a definite sense, the one conferred by the
introducing descriptive phrase. Here, however, it becomes important to
ask if in this sense of ,sense’ not all names have a sense, as well as, in the
ordinary case, a referent. In principle there is always some procedure for
finding out what the referent is of a name which one encounters for the
first time: one tries to trace the use of the name back to its origin, i.e. the
act through which it was introduced. Usually that act will have been a
speech act of the form: ,the so and so shall be called .. .%. So in the end
one will have to use the description ,the so and so® in order to determine
the referent. (In practice there are of course almost always alternatives to,
or shortcuts through, this procedure available, but that does not change the
fact that the procedure just suggested is the basically correct one and that,
consequently the others can be regarded as correct only in so far as they
give the same result as this one. So I see no reason why we should look
upon the use of ,Vulcan® after the discovery that there is no such thing
as the word purports to denote, as the use of something which is not a
name.

This discussion shows that the commonly drawn distinction between
expressions which ,have sense‘ — such as e.g. definite descriptions — on the
one hand, and proper names which have only denotation, on the other is
really more complicated than it is generally believed to be. It seems to me
that all that can be said about the difference is that 2 complex description
makes its sense explicit through its structure — that is why its referent can
be determined even thongh it has never been associated with the description
by an explicit act of baptism; and also why its referring function can be
understood even though it varies with the circumstances. This can of
course also be the case for certain expressions which though apparently
simple, really are understood as short for complex expressions whose
structures make their senses manifest, But I think it is at least dubious
and probably false, that ,Vulcan® ever functioned as such an abbreviation,
even after the discovery that no such planet could exist.

Everything I have said so far about introductions of names through
speech-acts of the form ,. .. shall be the name of the so and sof, applies
without exception to cases where ,the so and so° denotes something which
does not yet exist, even the cases where it follows from the form of ,the so
and so® that whatever it refers to cannot yet have come into being — as
with e.g. ,The Jones’s second next pair of twins". In fact the very bulk
of name introductions is for objects which do not exist at the time of the
introduction, viz. those which introduce names for children which are
yet to be born. (Of course, there is a slight difficulty here concerning
namings after conception, for some might maintain that what is being
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named on such occasions is not the future child but rather the actual
foetus; however, I do not believe that this is what future parents do in
general intend. In any case the insistence on this becomes spurious from a
theoretical standpoint as soon as one accepts that similar acts of naming
can be performed before conception. Perhaps, though, these aren’t quite
the same; for parents who name their future child after conception have,
something present that appears to give some concrete justification to the
naming which is missing in preconceptual acts of name giving. I think,
however, that the intuition I have here tried to express is misleading. Its
proper explanation is this: once conception has taken place the chance
that the naming will in the end turn out to have been a successful one
(viz. when the child is indeed born and thus renders the description used
in the introduction a properly denoting phrase) increases substantially.
Now, even if we accept that there are non-denoting names, we may still
subscribe to the doctrine that namings are really proper only if the names
they introduce denote. Non-denoting names, even if they are names,
really are clutter that impedes language’s proper functioning as a vehicle
for communication (it should be obvious from what I have said earlier
that here I do not aim at fictional names, but only at names which purport
to denote actual things but fail to do it). Improper names should be
shunned; and post-conceptional namings are safer — i.e. less likely to turn
out as improper- than pre-conceptional ones.

In incorporating these observations in our formal system for tense
logic let us first assume that no names are non-denoting. Then we may
formulate our system in virtually the same way as before, except that now
we do no longer insist that the denotation in M of a constant c of Lt
should belong to GM;. The most important consequence of this is that the
truth value in M at t of a sentence @ of L; may now well be undetermined:
This will always be so if ¢ contains an individual constant whose denota-
tum has not yet come into existence at t (unless we make the arbitrary and
unwarranted decision that all atomic formulae containing ¢ will be
satisfied at t by (say) no assignment whatever). The situation is here
different from the one we found ourselves in earlier; now we can no longer
salvage the principle that every sentence of Ly has a definite truth value
in M at t by adapting the temporal reach of the operator P to the past
histories of the objects named by the individual constants mentioned in its
scope (or context). On the other hand it is now plausible that we should
modify the satisfaction clause for formulae F g, so that the reach of F only
begins at a time where all the objects referred to by constants in @ have
come into being:

[F @lo"aipqe = 1 iff there is a t” > t such that for every cin ¢
MeUpMand [l My e = 1

Tt appears to me that future tense statements involving names that refer
to things which do not yet exist, are very strong witnesses to the ade-~
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quacy of the doctrine which analys what is true now in terms of what will
be true later (or has been true in the past): 1 cannot conceive of any other
way in which we might understand the parents® musings about what their
Jokn, who won’t be born for at least another six months, will become when
he will be a grown man. For the name, even though it is already there,
will come to do its normal duty only by the time John will be there.

Let us now allow also names which fail to denote altogether. This forces
us to proceed in a slightly different way. As I have said, names can be
introduced either by direct attachment to an object or through some de-
scription. Introductions of the former type may as before be represented
in the model by a simple assignment of an object ¢M to the constant c. But
again we should insist, as I did earlier on, that if ¢ & L; then ¢M ¢ 8;M. An
introduction of the latter kind at a time t may be represented formally by
adding to L; a pair consisting of (1) the individual constant which re-
presents the name introduced and (2) the description through which the
introduction takes place. If the description fails to denote properly, so
will the name. But in that case while all or some sentences containing the
description may still be regarded as meaningful (this depends on the
particular theory of descriptions we eventually adopt) the corresponding
sentences with the name should all be considered as meaningless. This is
one way in which the name’s ,senselessness‘ manifests itself. Thus, suppose
I introduce the expression ,Francois I1° by stipulating that it is to be the
name of the next king of France, then even if ,the next king of France will
be bald® may be false simply because France will never have a king again,
,Francois 1T will be bald will be meaningless. We may know enough about
a name to know how we should go about finding its referent. But if we
follow that route and don’t find anything, we have discovered an anomaly
of language — even if, as I argued, it is not the discovery that a certain
expression belongs to a different syntactic category from where we
previously believed it to belong. If we arrive at the same dead end when
trying to find the referent of the corresponding description, what we
discover is certainly not an anomaly of language. If it is an anomaly at
all, it is at best one of our, or others’, or everyone’s beliefs.




