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Introduction

Generalization Hierarchy'

tree series
transducer
7: Ty, — A{(TA)

weighted transducer tree transducer
T X — A(A*) 71 Ty — B(Ta))

weighted tree
automaton

L e A(Tz)

) generalized
weighted automaton tree automaton
sequential machine
L € A(Z*) L € B{Tx) o A)

string automaton

L € B{>*)
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Known Relations and Problems'

e String-based:

Theorem: Every gsm-mapping can be computed by a weighted automaton.
Proof Idea: Extend monoid (A*, 0, ¢) to semiring (P(A*),U,0,0,{e})

Theorem: Weighted transductions can be computed by weighted automata.

e Tree-based:

Problem: Are tree transductions computable by weighted tree automata ?

Problem: Are tree series transformations computable by weighted tree automata?
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Tree Pattern Matching I

A deterministic (bottom-up) tree automaton matching the pattern o(a, x)

If pattern found, accepts tree. Otherwise reject.
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Extended Tree Pattern I\/Iatching'

Towards a deterministic (bottom-up) weighted tree automaton computing the

occurences of pattern o(a, x)
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Extended Tree Pattern I\/Iatching'

A deterministic tree transducer computing the occurences of pattern o(«, x)

o/lx1+2xo

a/lxl

Computes the set of occurences of o(«, x) in input tree.
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Complete Monoids I

o A= (A,E&) complete monoid, iff
(C1) @ie{j} a; = aj,
(C2) @je](@ie[j a;) = P,cp i, it I = UjGJ I; is a partition.

e A naturally ordered, iff C is partial order
aCb <= (Jc€eA):adc=0b

e A continuous, iff A naturally ordered and complete and

@ai Ca <— @ai C a for all finite £ C [
iel i€E
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Semirings'

o (A, ®,>,0,1) semiring, iff

(i) (A, ®,0) commutative monoid,

(i) (A,®,1) monoid,

(iii) O absorbing element with respect to ®, and
(iv) ® (left and right) distributes over @®.

o (A,0,0,1,8) complete semiring, iff

(S1) (A,®,®,0,1) semiring,

(S2) (A, &) complete monoid, and

(S3) a® (Bcr i) = Picr(a®a;) and (P, ai) ©a =P, ;(a; ©a).

Semirings and DM-Monoids 8 November 16, 2004



Examples of Semirings'

e complete natural numbers semiring N, = (INU {o0},+,-,0,1),
e tropical semiring Trop = (IN U {oc}, min, +, oo, 0),
e Boolean semiring B = ({1, T}, V,A, L, T),

e formal language semiring Langy, = (P(X*),U,0,0,{e})

Semiring | commutative complete naturally ordered continuous
N yes yes yes yes
Trop yes yes yes yes
B yes yes yes yes
Langy. NO yes yes yes
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Excursion: Tree Series I

(A, €P) complete monoid, X ranked alphabet, and Xy = {x1,...,xx}.
e Tree series is mapping ¢ : Tx(Xx) — A
o A(Tx(Xy)) set of all tree series

Sum (@ieI wivt) - @iel<¢i7t)
(A{T%(X%k))),EP) complete monoid

(A,,0,1,6) complete semiring
e Tree series substiution of ¥1,...,9, € A{(Tx)) into Y € A(Tx(X%))) is

Yoe— @) = @D ((zp,t)@@(wi,ti)>t[t1,...,tk]
1€ k]

tETE(Xk:)J
(Vie[k]):t: €T
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Complete DM-Monoids I

(D, >") complete monoid, ) ranked set
e (D,Q,>") distributive multi-operator monoid (DM-monoid), iff

W(Z dil,..., Zd,k): Z W(dil,...,dik).

i1€l; in €1k (Vielk]): i;€l;
Examples:
o (A, ) complete monoid, Q) = {ay, | a € A} with
Q(k)(dly---adk> =a®d O Ody
Then (A, Q, ) complete DM-monoid
* (A,,0,1,8) complete semiring, Q1) = {y(k) | € A(TA(Xk))) } with
g(k)(wla ce 7¢k) =) — (¢1,- . 7¢k‘)
Then (A(TA)), 2, @) complete DM-monoid
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DM-Monoid Weighted Tree Automata — Syntax'

> ranked alphabet, I, ) non-empty sets

e Tree representation over I, 3, and Q is = (i | K € IN) such that
k
L - E(k) _ QIXI

o M =(I,%,D,F,u) (bottom-up) DM-monoid weighted tree automaton (DM-wta),
iff
— I non-empty set of states,
— Y ranked alphabet of input symbols,
— D= (D,Q,> ) complete DM-monoid,
— F': I — Q) final weight map, and

—  tree representation over I, X, and €2 such that py @ X)) — Q(k)IXIk
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DM-Monoid Weighted Tree Automata — Semantics'

D = (D,Q,> ) complete DM-monoid, M = (I,%,D, F, 1) DM-wta.
e Define h, : T, — D' by

hM(U(tl,---atk))i = | Z Mk(a)i,(il ..... ik)(hu(tl)ilv“‘7hu(tk)ik)

o (|[M]|,t) = >,c; Fi(hu(t);) is tree series recognized by M
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Example DM-wta I

e X ={0,a}and Q ={w,id, 1} and w(ni,ns) = 1 + max(ny,na),
e N = (INU{o0}, 2, min) complete DM-monoid
e DM-wta Mg = ({x}, X, N, F, ) with F, =1id, po(a). =1, and p2(0)s (x) = w

- . w 1 4+ max(zy, z2)
O'/ \oz */ \* w/ \1 1+ max(a{, 332\
SN /N 1/ \w N\
/\ /\ /\ 1 1—|—max(a:1,332)
a x  x 1 1 1/ \1

o (||Mg|,t) = height(t)
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Weighted Tree Automata & Tree Series Transducers'

M= (1,%,D, F, i) DM-wta and (A, ®,0,1,&) complete semiring

e M is weighted tree automaton (wta), iff D = (A, Q, ) with
Q(k) = {Q(k) ’ a € A} and

agy(diy... dy) =a®©dy O ©dy

e M is tree series transducer (tst), ifft D = (A{(TA)), 2, ) with
Uiy = { ¥, | ¥ € AQTA(X2)) } and

ﬂ(k)(wlaﬂ?k) :w A (wlv"'awk)
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Constructing a Monoid (1)

D = (D,—I—,O,Q) DM-monoid, 2X = {w(iﬁl, ce ,xk) ’ ke lN,we Q(k)}

Theorem: There exists monoid (B, <, ¢) such that D U QX C B and for all
dl,...,dk eD

Proof sketch: Let ' = QU D.

cu(dl,...,dk) 2355CE1,...,$k) — d1 — "'é—-dk.

e Define h: T/ (X) — To/(X) for every v € DU X by

o h(s) € Ty (X,), whenever s € Toy (Xo).

Establishing a Relationship

h(w(sq,- ..

h(v)

7Sk))

U

16

) ”.h(Sl),...,h(Sk) eD

. otherwise
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Constructing a Monoid (Il)

Let s(t) = s[t, Trpr1, Tri2, -, Trrn_1] for s € T;(Xn) and t € Z/E(Xk)
(non-identifying tree substitution).

B =D*U,c, D* Tor (X,).
o Define +: B2 — Bforeveryac D*, be B, s € @(Xn) teD U@(Xn) by

a<—b = ab
a-s—¢e = a8

as«—tb = a-(h(st))) < b.

e (B,«,¢) is a monoid.

L w(dl,...,dk):w($1,...,l‘k)<—d1<—"'<—dk.
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From a Monoid to a Semiring (I)

A= (A,®,©,0,1) semiring, DM-monoid D = (D, +,0,{2) complete semimodule of
A, o1, o € A(D)).

e Lift mapping + : B? — B to a mapping « : A{B)? — A({B)) by

== P ((¢¥1,01) © (¢2,b2)) (b — bs).

bi,b2€B

e Define sum of a series ¢ € A{(D)) (summed in D) by > : A(D) — D

ZSOZ Z(@vd)d

deD

e Theorem:

(i) 2o(B,crvi) =2 i1 2 wi for every family (p; | i € I') of series and
(i) @1, 2o 9r) = 2o (@(@1, s Tk) = P10 ).
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From a Monoid to a Semiring (I1)

D = (D,+,0,9Q) continuous DM-monoid. M; = (I,%,D, Fy, u1) DM-wta.
e Theorem: There exists a semiring (C, @, —.0, e) such that DU QX C C and for
all dv,...,d, € D
(i) w(dy,...,dg) =w(x1,...,xk) «— dy «— -+ — d,
(ii) Z(@ie[ di) — Zie] d;.
Proof sketch: Let A = (A,®,®,0,1) semiring such that D is a complete

semimodule of A. There exists a monoid (B, <, ¢) such that (i) holds. Let
C = A{B)) and «+ : C? — C be the extension of «+ on B.

e Theorem: There exists a wta M = (I, X, B, F\, 1) such that |[M;] = >_||M||.

Establishing a Relationship
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Establishing a Relationship'

Theorem: For every tst M, there exists a wta M such that > || M|| = || M1]].

Theorem: For every deterministic tst M5, there exists a deterministic wta M such
that || M]| = [[Ma)].

e Theorem: For every tree transducer Mj3, there exists a wta M such that
[ M| = || Ms]|.

Theorem: For every tst M4 over an idempotent, continuous semiring, there exists
a wta M such that | M|| = || My||.
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Pumping Lemma for DI\/I—vvtaI

D = (D,+,0,9) DM-monoid, L € LE(D), and Q' = QU D.

Theorem: There exists m € IN such that for every ¢ € supp(L) with height(¢) > m+1
there exist C,C" € Tx(X4), s € T, and a,d’ € T/ (X1), and d € D such that

o t =ClC"[s]],
e height(C[s]) <m+1 and C # x4, and

o (L,C'[C"[s]]) =d « a™ « d for every n € IN.
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Conclusions'

e the study of arbitrary weighted tree automata provides results for tree series
transducers

e e.g., a pumping lemma for tree series transducers can be derived from a pumping
lemma for weighted tree automata

e unfortunately, few results for weighted tree automata over non-commutative
semirings exist

Thank You for Your Attention.
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